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1. Introduction 

This note is at the crossroad of two different hnes of study. 

On the one hand, we propose a general construction of a homogeneous 
quasi-projective manifold Xc associated to a cubic form with a mild gener- 
icity property. These manifolds are rationally chain connected (Proposition 
2), a property which relates our study to that of certain types of homoge- 
neous spaces considered in O [Sj S] . 

On the other hand, we show that our manifolds are endowed with 
natural contact structures (Proposition 3). Our construction thus appears 
as part of the general study of contact projective and quasi-projective man- 
ifolds. Of course the projective case is the most interesting one, the main 
open problem in this area being the Lebrun-Salamon conjecture: the only 
Fano contact manifolds should be the projectivizations of the minimal nilpo- 
tent orbits in the simple Lie algebras. As explained in section 4, our con- 
struction is in fact modeled on these homogeneous contact manifolds, which 
are known to be associated to very special cubic forms: the determinants of 
the simple cubic Jordan algebras. 

Under both points of view, one of the most interesting questions one may 
ask about the quasi-projective contact manifolds Xc is about their compact- 
ifications. Even the existence of a small compactification (that is, with a 
boundary of codimension at least two) is not clear. Also, it is extremely 
tempting to try to construct new projective contact manifolds by compact- 
ifying some Xc in such a way that the contact structure extends. We show 
that this is possible if and only if the cubic c is the determinant of a simple 
cubic Jordan algebra (Proposition 6). This can be interpreted as an evidence 
for the Lebrun-Salamon conjecture. 
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2. Homogeneous spaces defined from cubics 

Let F be a complex vector space of dimension p. Let c € S^V* he a cubic 
form on V. Let B : S^V V* be the system of quadrics defined by 

B{VI,V2) = C{VI,V2,-)- 

In all the sequel we make the following 

Assumption on c. The homomorphism B is surjective. 

Let W he a complex vector space of dimension 2. Fix a choice of a non- 
zero 2-form Lo £ A^VF*. 

Let n := rii © n2 © ns where 

m := F ® W, n2 := V*, m := W. 

Define a graded Lie algebra structure on n, by 

[vi^Wl,V2'S)W2] = Uj{wi,W2)B{vi,V2), 
[vl,V2<S)W2] = VI{V2) W2. 

The Jacobi identity holds because dimVF = 2. 

Let N he the nilpotent Lie group with Lie algebra n. For a point £ € FW, 
denote by ^ C the corresponding 1-dimensional subspace. Let 

ai'-V c V = ni 

he the abelian subalgebra of n and C N he the corresponding additive 
abelian subgroup. We have the smooth subvariety A C N x ¥W defined by 

A:={{g,£),geAi}. 

This variety A can be viewed as a family of abelian subgroups parametrized 
by FW. Let : Xc — >■ FW be the family of relative quotients 

Xc := {N/Ae,i € FW} 

with the quotient map ^ : N x FW Xc- Then 

dim Xc = dim N-\-l— p = 2p + 3. 

Observe that ^ is a locally trivial fibration whose fibers are isomorphic 
to affine spaces. But it is not a vector nor an affine bundle. In fact the 
transition functions are quadratic, because the nilpotence index of N is 
three. 

The variety Xc is homogeneous under the action of the group 

G := N < SL{W) (semi-direct product). 

Let o € iV be the identity and I G FW he a fixed base point. Then xg := 
^{o X £) will be our base point for Xc- Its stabilizer is H = A^ < B£, if B£ 
denotes the stabilizer of £ in SL{W). Moreover a Borel subgroup of G is 
B = N < B^, and we have a sequence of quotients 

G^G/Be ^ G/H = Xc^ G/B = FW. 
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Proposition 1. (1) Xc is simply connected. 
(2) Let L := 7p*0pwil)- Then Fic{Xc) = ZL. 

Proof. As a variety, each Ai is nothing but an affine space. So the variety 
Xc being fibered in simply connected manifolds over the projective line, is 
simply connected. This proves (1). 

The character group X{G) of G being trivial, the forgetful map 

a : Pic^{Xc)^Pic{Xc) 

is injective ([9j Proposition 1.4). Moreover the Picard group of G is trivial, 
so a is in fact an isomorphism (see the proof of Proposition 1.5 in [9]). But 
Pic^{Xc) — ^{H) and an easy computation shows that X{H) = X{B^). 
This implies (2). □ 

Note that G is generated by H and SL{W) such that H n SL{W) is a 
Borel subgroup of SL(W). Thus we can apply Proposition 4.1 in [4j to 
deduce: 

Proposition 2. The variety Xc is rationally chain connected. In particular, 
Xc is quasi- complete, i.e., there is no non-constant regular function on Xc- 

In fact, it is easy to show that for any n & N, the image of {n} x ¥W 
under ^ is a smooth rational curve on Xc with normal bundle of the form 

o(i)peop+2. 

3. Contact structures 

Consider the tangent spaces 

Toy,i{N X FW) = ni e na e ns e Ti{FW) 

T^,{Xc) = ni/ae ns ng Te{FW). 

Using the subspace £ C W = n^, we define the hyperplane 

Da,, := ni/ae 1x3 i(BTi{FW) 

inside Tx^ (Xc). This hyperplane is invariant under the action of the stabilizer 
H of X£ in G = N <SL{W), so we get a well-defined hyperplane distribution 
D C T{Xc) with T{Xc)/D ^ L. 

Proposition 3. The distribution D C T{Xc) defines a contact structure. 

Remark. Observe that since 

Dx, = {V(^ W/i) ®V* ®i® Hom(i, W/i), 

there is a natural VF/^- valued symplectic pairing on D^g- Note that W/l 
is the fiber of L at x^. This shows that the bundle D has an L- valued 
symplectic form, and indeed this symplectic form comes from the contact 
structure 

D T{Xc) ^ L ^ 0. 
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Proof. Let 1^ be the variety defined as the complement of the zero section 
in the total space of the line bundle dual to L. Let 9 be the L- valued 1-form 
on Xc defining D. To check that is a contact form, it suffices to show 
that the 2-form d9 where 9 is the pull-back of 9 to 1^, is symplectic (see [Ij, 
Lemma 1.4). 

To check this we make a local computation. Let m G Pl^ be some point 
distinct from i and m C be the corresponding line. Then 

Um ■■= {V^ih) ®V*®W C n 

defines a complement to a£ C n. We can define a local analytic chart on Xc 
around rr^ by 

x{X,p) = S^{exp{X) X p), 

where X € xim and p € PW — m. Let us write down 9 in that local chart. 
Since the chart preserves the fibration over ¥W we just need to compute over 
i. The differential ex of the exponential map at X, seen as an endomorphism 
of rim, is defined by the relation 

exp{X + tex{Y) + 0(t^))x£ = exp{X)exp{tY)xi. 

Now we can use the fact that being 3-nilpotent, the Campbell-Hausdorff 
formula in N is quite simple: we have exp{X)exp{Y) = exp{H{X,Y)) for 
X,Y en, with 

HiX,Y) = X + Y + ^[X,Y] + ^ [X, [X, Y]] + ^ [Y, [Y, X]] . 

We easily deduce that ex{Y) = Y + ^[X,Y] + ^[X, [X,Y]]. Now we can 
decompose this formula with respect to the three-step grading of n. If Z = 
exiY) = Zi + Z2 + Z3, we find that 

Zi = Fi, 

Z2 = Y2 + ^[Xi,Y,], 

Z3 = Ys + ^[X^,Y2] + ^[X2,Y^] + ^[Xu[X,,Y,]], 
which can be inverted as 

Yi = Zi, 

Y2 = Z2-^[Xi,Zi], 

Ys = Z3-^[Xi,Z2]-^[X2,Zi] + 

Since the hyperplane D^^ is defined by the condition that Is belongs to £, 
we deduce that the contact form is given at x{X, i), in our specific chart, by 
the formula 

9,^x,i) iZ) = Z,-^[X,, Z2] - 1 [X2 , Zi] + ^ [Xi , [X, , Zi]] mod 1 
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Even more explicitly, if we write Z\ = zi(S)m and Xi = xi®m, we have 
[Xi,Zi] = 0, [Xi,Z2] = Z2{xi)m and [X2,Zi] = -X2(zi)m, so 

Gx{x,t){Z) = Z^ + ]^{X2{zi) - Z2{xi))m. 

Now wc pull-back 6 ioYc = . A local section of around i is given by 
m* — zi* over the point p = I + zm of FW. Over (p = y(m* — zi*), we get 
the 1-form on given in our local chart by 

0x(x^p)AZ, Y) = y{m* - zt){Z^) + |(X2(zi) - Z2(xi)). 

If ^3 = Z\m + this can also be written as: 

h{x,vU = yidXl - zdXl) + |(X2dXi - X^dX2). 

We can easily differentiate this expression and evaluate it at X(,. We obtain 

d9xi,ym* = dy A dXl - ydz A dX'^ + ydX2 A dXi. 

Since y is a non zero scalar this 2-form is everywhere non-degenerate. By 
homogeneity this remains true over the whole of L^, and the proof is com- 
plete. □ 



4. Projective homogeneous contact varieties 
Consider a complex simple Lie algebra g and the adjoint variety 

the projcctivization of the minimal nilpotent orbit Omin- Then Yg is homo- 
geneous under the action of the adjoint group G = Aut{Q). Suppose that 
Pic{Yg) ~ Z (this is the case if and only if q is not if type A). Then the 
variety F of lines on Yg is G-homogeneous and we can describe a line as 
follows. Choose T C B C G a maximal torus and a Borel sugbroup. Let 
denote the root space in g associated to the highest root ip. Then Yg = Gg^ 
and the stabilizer of g^ is the maximal parabolic subgroup Pa of G defined 
by the unique simple root a such that -0 — a is a root. Moreover the line 
^ = {Sijjj 9^jj-a) is contained in the adjoint variety Yg, and F = G.i. 

There is a five-step grading on g defined by the highest root ip, as follows. 
Define € [g»/>,g-»/)] by the condition that tp{H^) = 2. Then the eigen- 
values of ad{H^) are 0, ±1,±2 and the eigenspace decomposition yields the 
five-step grading 

g = g_2 © g-i © go © 0i © 02- 

We have Q2 = Q^-, while Qa and g^-a are respectively lines of lowest and 
highest weights in gi. 

Since g^-o defines, exactly as g^, a point of the adjoint variety, we can 
use the root ^ — a to define another five-step grading. Since ad{H^) and 
ad{H^-a) commute, we get a double grading on g. Moreover, the stabilizer 
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s C 5 of the line £ C g decomposes as follows (where the grading defined by 
ad{H^) can be read horizontally): 

0-a 

000 010 

0Q 011 021 0l/)-Q 

Let W = g^_« © 0^ ~ and V = qI^. The map gio ® 02i ^ 03i = 0v-a 
defined by the Lie bracket is a perfect pairing, as well as 0ii(8)02i 032 = 0?/n 
giving a natural identification 

010 e 011 ~ v®w 

and isomorphisms 

010 011 — ^• 
The positive part of the vertical grading of s thus reads 

{V(^W) ®V*®W = n. 

Note that the degree zero part of this grading reads sliW) x f)oO) where 
000 = [0-«j 0«]©f)oo is an orthogonal decomposition with respect to the 
Killing form. 

The cubic form c on y is defined (up to scalar) once we identify gio with 
011, through the map 4>. We also need to choose a generator of g^. Then 
we can define c by the formula 

[</)(X), [</.(X), X]] = c{X)X^ yX G gio ~ V. 

Remark. This construction is closely related to the ternary models for simple 
Lie algebras considered in [_7j, section 2. These models are of the form 

Q = l)x 5l{U) © (Um) © {U*(^V*), 

where U is three dimensional, and V is an f)-module. To define a Lie bracket 
on g, one needs a cubic form c on V, a cubic form c* on V*, and a map 
6 : y©y*^[). Then the Jacobi identity implies a series of conditions on 
these data, including that 

f) C Aut{c) nAut{c*). 

These conditions should ultimately lead to a cubic Jordan algebra structure 
on y. If we choose a maximal torus in s/(C/) and use the associated grading 
on U, U* , we get an hexagonal model as in Figure 2 of [8] : 
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Q-a 

9-iP S-l-l 010 Qtp-a 

-2-1 000 021 

9a-ip 0-10 011 0V' 

0Q! 

The subalgebra we denoted n is the sum of the factors in the last three 
columns, and we can add the factor sl(W) from the middle column in order 
to get 5. 

Once we have defined the cubic c associated to the simple Lie algebra 
0, we have the associated homogeneous space Xc with its natural contact 
structure. A direct verification gives: 

Proposition 4. The homogeneous space Xc is an open subset of Yq, with 
a codimension two boundary. Its contact structure is the restriction of the 
natural contact structure on Yg. 

It is tempting, but illusory, as we shall see, to try to construct new pro- 
jective contact manifolds as suitable compactifications of our homogeneous 
spaces Xc for other types of cubics. 

5. Compactifications 

Since all regular functions on Xc are constant, we can expect that Xc 
admits a small compactification, that is, a projective variety Xc containing 
Xc as an open subset in which the boundary of Xc has codimension two or 
more. By Theorem 1 in jS] and Lemma 1, it is enough to check that the 
algebra of sections 

oo 

R{Xc,L) = ^T{Xc,L'') 

k=0 

is of finite type, as well as all the R{Xc, L"^), for m > 1. We have not been 
able to prove this but we can make the following observations. 

Since the Lie algebra of G = N <SL{W) preserves the contact structure 
we have defined on Xc, there must be a morphism ip from Xc into P0* (see 
[1], Section 1). In fact, any contact vector field on a contact manifold defines 
a holomorphic section of the contact line bundle L. Thus defines a linear 
subsystem in \L\. The morphism is always etale over its image, and since 
our Xc is simply connected we conclude that ip embeds Xc as a coadjoint 
orbit in q* . We thus have a natural projective compactification of Xc in Pg*. 
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Note that the inclusion of Xc in Pg* is just the projectivization of the 
moment map of the symplectic variety Yc = . We have a commutative 
diagram 

Yc ^ g* 

i i 

Here denotes the (G-equivariant) moment map and v is its quotient by the 

C*-action. We have g* = n* © 5l{W)* and the component fi' of /x on n* is 
not injective, since the A'^ action on Xc preserve the P^-fibration. Consider 
li'{Yc) C n*. 

Proposition 5. Suppose that the cubic hypersurface C PF he smooth. 
Then the boundary of /i'(i^c) has codimension at least two. 

Proof. We can describe exphcitly the closure of lJ.'{Yc) as the set of triples 
i(f>i,(f>2, (f>3) £ n* such that 

where cu : (y*fS)W) x W ^ V* is the natural bilinear map. 

If 03 7^ 0, we are in iJ:'{Yc). Thus on the boundary, we must have (ps = 0, 
and then c{4>2,(f>2, ■) = 0. But under our smoothness assumption on Zc, 
this implies that (f)2 = 0. So the boundary of n'{Yc) has dimension at most 
2p = dim ij,' (Yc) — 2, the number of parameters for (pi. □ 

This seems to be a first step towards proving that Xc has a small com- 
pactification. But we have not been able even to find conditions on c that 
would ensure that the compactification Xc C Pg* is small. 

What is rather surprising is that the cubics whose associated variety Xc 
has a smooth contact compactification can be completely classified. By this, 
we mean a smooth projective variety Xc compactifying Xc, with a contact 
structure extending that of Xc. 

Proposition 6. There exists a smooth contact compactification Xc of Xc if 
and only if c is the cubic norm of a semi-simple Jordan algebra. 

Proof. We will deduce this statement from a study the variety of minimal 
rational tangents C ^Dx^. Note that the space of lines on Xc through 
xi is just ^-\xe)^Ai^V. 

We claim that the tangent map sending a line through xe to its tangent 
direction in fD^^ is equal, up to scalars, to the rational map 

t:V ^ ¥Dx, = P(y © y* © C C) 
t{v) := [v : B{v,v) : c{v,v,v) : 1]. 
Indeed, a line through X£ in Xc is of the form ig = ^{g x PI^) for g € A£. 
To write this line in the local chart we used in the proof of Proposition 3 
(we use the same notations), we must write 

^{gxp) = exp{Z)^{oxp). 
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If g = exp{X) with X E V(S)l, this amounts to solving the equation exp{X) = 
exp{Z)exp{W), with Z e xxm and W £ V^p. So X = H{Z, W), and if we 
write X = v®l for some f G y, we must have W = v®p and then we get, 
up to term of order at least two in z, 

Zi = —zv0m, 

Z2 = -^[Z^,W] = ^B{v,v), 

Z3 = -l[Zi,[z,,w]] = -^civ)e. 

D 

This proves the claim. 

We can now conclude the proof as follows. By the results of [5], the closure 
of the image of this map must be smooth if there exists a smooth contact 
compactification of Xc- So the closure of the image of the map r must be 
smooth. But then we can apply Corollary 26 in [6j. □ 
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